Dicke and Fano effects in single photon transport 
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The single photon transport through a one dimensional array of cavities is studied theoretically. 
Analytical expressions of the reflection and transmission are given. The transmission shows an 
energy spectrum with forbidden and allowed bands that depends on the detuning parameter of the 
system. We show that the allowed miniband is formed due to the indirect coupling between the 
atoms in each cavity. In addition, the band edges can be controlled by the degree of detuning of 
the level of the atoms. We discuss the analogy between this phenomenon with the Fano and Dicke 
effects. 



I. INTRODUCTION 

In the last years the single photon transport in one 
dimensional waveguide scattering by atoms or quantum 
dots has attracted great interest both theoretically and 
experimentally jlrlg- The single photon transport has 
potential application in optical communication, optical 
quantum computer, quantum information, and quantum 
devices and as photon transistors. The possibility of im- 
plementing photon transistors in analogy to the electron 
transistor is a great challenge. Several kinds of waveg- 
uides have been involved, such as metal nanowires [9j, 
silicon wires [loj . quantum resonators, etc. The behavior 
of photons in quantum resonator arrays is in analogy to 
the movement of electrons in periodic potentials. The 
photon can feel the presence of the quantum resonators 
and it can be transmitted through allowed mini bands 
and reflected by forbidden mini bands. The single pho- 
ton scattering properties in the coupled resonator array 
waveguide embedded with a two-level or three-level atom 
have also been explored recently [r3 - [l^ |. In this context, 
recently Yue Chang et q/.[l3j considered new quantum 
devices based on a quantum resonator array. In these 
works, the authors have proposed a setup based on the 
coupled-resonator array with doped atoms, which is ex- 
pected to exhibit perfect reflection within a wide spec- 
trum of frequencies, and thus can perfectly reflect an op- 
tical pulse, or namely a single photon wave packet. They 
used a thick atomic mirror, which is made of an array 
of two-level atoms individually doped in some cavities 
arranged in a coordinate region of the one-dimensional 
coupled-cavity waveguide. 

Quantum interference effects as Fano effect play a cru- 
cial role in single photon transport |15| . Very recently 
Bci-Bei Li et al.[16| experimentally observed Fano reso- 
nances in a single toroidal micro-resonator, in which two 
modes are excited simultaneously through a fiber taper. 
By adjusting the fiber-cavity coupling strength and the 
polarization of incident light, the Fano- like resonance line 
shape can be controlled. 

In this work we report further progress along the lines 
indicated above. We study the single photon transport 
through a system of a ID array cavity. We obtain an- 
alytical expressions of the reflection and transmission. 
We show that the transmission displays an energy spec- 



trum with forbidden and allowed bands that depends on 
the detuning parameter of the system. We show that 
an allowed miniband is formed by the indirect coupling 
between the levels of the atom in each cavity. In addi- 
tion, the band edges can be controlled by the degree of 
detuning of the level of the atoms. We discuss the anal- 
ogy between this phenomenon with the Fano and Dicke 
effects. 



II. MODEL 
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FIG. 1. ID coupled cavity array with an embedded N cavity- 
atom array with one V-type three-level atom in each cavity. 



The system under consideration is shown schemati- 
cally in Fig. [U This consists in a ID coupled cavity 
array with an embedded N cavity-atom array with one 
V-type three-level atom in each cavity. We denote by 
\g) the ground level and by \a) and |e) the two excited 
metastable levels. The atom is coupled to the cavity 
mode of frequency u through the transitions g-a and g-e. 
The total Hamiltonian is described by the sum of a free 
atom Hamiltonian of the atom H a , the Hamiltonian de- 
scribing the propagation of a photon through the cavities 
H p , and the term describing the atom-field interaction 
represented by a Jaynes-Cummings Hamiltonian under 
the rotating wave approximation Hi , 



H — Hp + H a + Hj, 



(1) 
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H a = ^2(ui' a \aj){aj\ + ^' e \ej)(ej\), 
j'=i 



(3) 



j'=i 

+ 3e(c J |e i ) (.g^l +cj|^) ( ej -|)] 



(4) 



where cj and Cj are, respectively, the creation and an- 
nihilation operators of one photon in the j-th cavity, v 
is the coupling between the cavities, uj' a b are the energy 
transitions and g a (g e ) is the coupling constant between 
the field and transition \g) — )• \a) (\g) —t |e)). In what 
follows we assume g a — g e = g. 

The stationary state can be written as 

oo N 

\E)= u l \l l ,g)+Y / [da, J \0,a J )+d ej \0,e J )}, 

i— — oo j — 1 

(5) 

where Ui represents the amplitude to find a photon in the 
i-th cavity and the corresponding atom in the ground 
state, and d a j (d e> j) the probability amplitude to find 
no photon in the cavity array and the atom in the j-th 
cavity in the excited state a (e), while the rest of the 
atoms keep in the ground state. 

From the eigenvalues equation TL\E) = E\E) it is ob- 
tained the following linear difference equations 

{E — u))uj = v(uj + x+Uj-i), (6) 

for j < and j > JV, and 

(E - uj) uj = v (u j+ i + Uj-i) + g (d e ,j + d ,_,•), (7a) 
(E-w' e )d ei j = guj, (7b) 
(E-u' a )d a ,j = gv,j, (7c) 

for j = 1, . . . , JV. From Eqs. ([7b} and (J7cJ) we obtain 

g Uj 



d - i ■> 
ej E-uL 



d a ,j — 



E-u> 



(8) 



which inserted in Eq. ([7a]) make Eqs. ([7]) reduce to the 
single equation 



(E — uj — s) Uj = v (uj—i 
where 



t j+1 ), j = l,...,N, (9) 



e = f 



2E-uj' a - uj' b 
(E-uj' a )(E-uj' e ) 



(10) 



is the renormalized energy. Thus, the problem reduces to 
that of a linear chain of N sites with effective energies e. 
In order to study the solutions of Eq. © , we assume that 
the photon is described by a plane wave incident from the 
far left with unity amplitude and a reflection amplitude r 



and at the far right by a transmission amplitude t. That 

is, 



( fe ) = e lkj + re~ ikj , j < 1 , 

j > N . (11) 



Inserting Eqs. (jTTJ) in Eq. ([5]) we obtain the following 
dispersion relation for the incident photon 



E = uj + 2vcos(k). 



(12) 



From Eqs. ©, Q, and CU} we obtain an inhomoge- 
neous system of equations for the probability amplitudes 
Uj (j — 1, . . . ,N), r and t, leading to the following ex- 
pression for t 



2ie~ lkN 
t = sin k 



(13) 



with A given by 



A _ e -ik sin (N + l)q ^ sinNq sin (N - 1) q 



sm q sin q 

if \(E-lj- e)/2v\ < 1 and 



smg 



(14a) 



^ sinh(A f + 1)k ^ s i nn ^_ ik sinh (JV — 1) k 



sinh k 



sinh k 



sinh ft 



(14b) 

if \(E — uj — e)/2v\ > 1. The reflection and transmission 
probabilities are i? = |r| 2 and T = \t\ 2 . Then if \(E - 
uj — e)/2v\ < 1 we have 

sin 2 (Nq) (cos q + cos k) 2 



R = 
T = 



sin 2 (A r g)(cos k cos q + l) 2 + [sin k sin gcos(iVq)] 2 ' 
1 

cos 2 (JVq) + [sin(A f g)(l + cos q cos fc)/(sin 5 sin fc)] 2 ' 

(15a) 



where q = cos _1 [— (E — uj — i)/2v]. We note that these 
probabilities oscillate as a function of both JV and q. On the 
other hand, if \(E — uj — i)/2v\ > 1 we get 



R 



T : 



sinh 2 (JVk) (coshK + cosfc) 2 



sinh 2 (Nk) (cosfc cosh/t + l) 2 + [sinfc sinh/t cosh(JVk)] 2 ' 



cosh (JVk) + [sinh(JV«;)(l + coshKCOsfc)/(sinhKsinfc)] 2 



(15b) 

where k = cosh - 1 [— (E — uj — e)/2v]. Then in this energy 
region T - e - 2NK tends to zero when N is large and R 
tends to unity. 



III. RESULTS 

To avoid the profusion of free parameters, for the sake 
of clarity we set O = E — uj, the energies of the atoms 
as, uj' e = uj — Aw, and uj' a = uj + Aw and we express all 
energies in units of 7 with 7 = g 2 /2v, hereafter. 
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In what follows, we consider the degenerate case, Aw = 
0, for different values of N. Simple expressions for the 
transmission and reflection can be readily obtained for 
N = 1. For N = 1, the reflection reduces to a Brcit- 
Wigner line shape of semi- width 7, 



R = 



7 



(Sl-w ) 2 + 7 2 ' 



(16) 



and the transmission takes the form of a symmetrical 
Fano line shape, 



T = 



(si-w ) 2 

(f2-w ) 2 +7 2 



(e + q) 2 
e 2 + l 



(17) 



with q — and e = (fi — uJo)/j- Notice that T vanishes 
just at SI = wo- This result can be interpreted as follows. 
The photon has two path when going from left to right, 
a direct and indirect one. In the latter the photon is 
absorbed and emiited by the atoms. The destructive in- 
terference between these two paths gives rise to the Fano 
effect in this case. 

Figure [5] shows the transmission and reflection proba- 
bilities versus the detuning SI — ujq for different values of 
N. As N grows (Fig 2b-d) a forbidden mini band (gap) 
is formed in T . It is apparent that R (T) tends to unity 
(zero) within a range [—27,27], and the system behaves 
as a quantum mirror within this interval of energies. 
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FIG. 2. (Color online) Transmission (blue solid line) and re- 
flection (red dash line) as a function of the detuning SI — ojq 
for Aw = and a) N = 1, b) N = 3, c) N = 5 and d) N = 7. 

Now, let us consider the situation with Aw ^ 0. Fig- 
ure [3] displays the reflection and transmission vs the de- 
tuning for different values of N. We note that an allowed 
band develops at the center of the gap and the system be- 
comes transparent. Moreover the transmission becomes 
always unity at the center of the allowed band, indepen- 
dently of the value of N. This behavior is analogue of the 
electromagnetically-induced transparency which has re- 
cently been studied theoretically and experimentally for 
the structures based on micro- ring resonators and pho- 
tonic crystal cavities [l7i Il8j. 
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FIG. 3. (Color online) Transmission (blue solid line) and re- 
flection (red dash line) versus detuning for A = 0.5, for a) 
N = 1, b) N = 3, c) N = 5 and d) N = 7. 
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FIG. 4. (Color online) Transmission versus Q for A = 1 (black 
solid line) A = 0.5 (red dash line) and A = 0.25 (blue dotted 
line), for N — 1 (upper panel) N = 7 (lower panel). 



Figure [4] displays a zoom of the transmission at the 
center of the band for Aw = 0.57, f° r two values for N, 
N = 1 (upper panel) and N — 7 (lower panel). We note 
the dramatic change of the width of the miniband as Aui 
decreases. In fact, for N — 1, it is straightforward to 
show that for Aw <C 7 the width of this allowed trans- 
mission band is Aui 2 /2j, the reflection can be written as 
a difference between two Breit-Wigner line-shapes with 
with 7 and <5, respectively, and the transmission can be 
written as a superposition of a symmetrical Fano line- 
shape and a Breit-Wigner line-shape, 



R : 
T : 



(S7-w ) 2 +7 2 (n-ioo) 2 + s 2, 

-wo) 2 S 2 

(S7-w ) 2 +7 2 (n-w ) 2 + s 2 ' 

with 6 = Aoj 2 /2-f. 



(18) 
(19) 
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The above phenomenon resembles the Dicke effect, 
which takes place in the spontaneous emission of a pair 
of atoms radiating a photon with a wave length much 
larger than the separation between them [l9|, |20| . The 
luminescence spectrum is characterized by a narrow and 
a broad peak, associated with long and short-lived states, 
respectively. The former state, coupled weakly to the 
electromagnetic field, is called subradiant, and the latter, 
strongly coupled, superradiant state. In the present case 
this effect is due to indirect coupling between the atom 
states through the common cavity. The states strongly 
coupled to the continuum give a forbidden miniband with 
width 47 and the states weakly coupled to the continuum 
give an allowed Dicke miniband with width S. This ef- 
fect is a special case the Fano-Feshbach resonances in the 
systems exhibiting more than one resonance [2lj|. 



IV. SUMMARY 

In this work we have studied the transport of a sin- 
gle photon through a system of a ID array of cavities. 
We have obtained analytical expressions of the transmis- 
sion and reflection. We have shown that the transmission 
displays an energy spectrum with forbidden and allowed 
bands that depend on the detuning parameter of the sys- 
tem. We have shown that the allowed miniband is formed 
by the indirect coupling between the levels of the atom 
in each cavity. In addition, the band edges can be con- 
trolled by the degree of detuning of the level of the atoms. 
We have discussed the analogy between this phenomenon 
with the Fano and Dicke effects. This setup seems a suit- 
able system to study these effects in experiments on single 
photon transport. 



A physical realization of our set up may be made in a 
metal nanowire coupled to quantum dots. In this realiza- 
tion the metal nanowire plays the role of ID continuum 
and the region where the quantum dots are coupled to 
the nanowire. 
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